From a variational action with non-minimal coupling with a scalar field and classical scalar and fermionic interaction, cosmological field equations can be obtained. Imposing a FLRW metric the equations lead directly to a cosmological model consisting of two interacting fluids, where the scalar field fluid is interpreted as dark energy and the fermionic field fluid is interpreted as dark matter. Several cases were studied analytically and numerically. An important feature of the non-minimal coupling is that it allows crossing the barrier from a quintessence to phantom behavior. The insensitivity of the solutions to one of the parameters of the model permits it to find an almost analytical solution for the cosmological constant type of universe.
energy densities, a new equivalent and symmetric system of equations is found which manifestly has a redefined conserved energy momentum tensor. Inevitably, these redefinitions introduce 18 two critical values to the scalar field, which are impossible barriers for the field to cross over, 19 therefore, the cosmological solutions are valid between these two values [5] .
20
For the non-minimal parameter ξ 0 and the energy density transfer functionQ proportional 21 toρ ψ , we found a de Sitter university evolution coming from a decelerated phase to an accelerated 22 phase. There is no crossing of the barrier ω = −1, except for a large interaction parameter λ 23 which doesn't have a clear physical ground. For the redefined energy density transfer functionQ 24 proportional toρ φ phantom solutions are obtained, and when the scale factor is near a c the Hubble 25 parameter and energy densities diverge, finding a future singularity. To consider a non-minimal 26 coupling, allows crossing the barrier ω = −1, where there is a transient from a dark matter 27 dominated universe to a dark energy dominated universe, quintessence, and then a phantom 28 evolution.
29
We have a future singularity, in which the Hubble parameter, redefined energy densities and 30 state equations diverge for a finite size, this future singularity correspond to a type III [6] .
31
In the first section we present the Lagrangian model and field equations derived from it, and 32 are particularized for the metric FRW. In the second section the cosmological field equations 
Formalism and field equations

40
In this section, a brief description of the techniques used to include fermionic and scalars 41 sources in mutual interaction with the Einstein theory of gravitation are presented [7, 8, 9] . Due 42 to the fact that the gauge group of General Relativity does not admit a spinor representation the 43 tetrad formalism is invoked. Following the general covariance principle, a connection between 44 the tetrad and the metric tensor g µν is established through the relation
where e a µ denotes the tetrad or "vierbein" and η ab is the Minkowski metric tensor. Here and after,
46
Latin indices refer to the local inertial frame whereas Greek indices to the bundle space M. The 
51
The action for this system is,
where
remarking that spinors are treated here as classical commuting fields and ξ ∈ R is a parameter 54 for a non-minimal coupling between gravitation and scalar fields [10, 5] . Lagrangian density
55
(3) uses natural units, i. e. 8πG = c = = 1, also m is the bare fermionic mass,ψ = ψ † γ 0
56
and R denotes the scalar of curvature. The Dirac matrices can be generalized to curved space
µν . The covariant derivative is then 58 ▽ µ ψ = ∂ µ ψ − Ω µ ψ and ▽ µψ = ∂ µψ +ψΩ µ , where the spin connection Ω µ is given by
with Γ ν σλ denoting the Christoffel symbols.
60
The field equations are obtained by varying the total action (2) with respect to the tetrad,
61
spinor field and scalar field, respectively. By defining α = 1 − ξφ 2 , the following equations are 62 obtained:
In the following, we consider a FLRW flat universe described by the metric
where a(t) denotes the cosmic scale factor. According to the metric (10), the tetrad components
and Dirac matrices become
from which the spin connection components are obtained, yielding
where a dot for the time derivative have been introduced.
We consider now that the fields are homogenous and isotropic. This is based on the observa-
72
tional fact that on a cosmological scale higher than 300M pc the fields appear to be independent of 73 the spatial coordinates in a post inflation evolution [1] . In order to study this model exhaustively
74
we will consider the cases of a minimal coupling ξ = 0 and a non-minimal coupling ξ 0.
75
Fermion field equations (7) and (8) become
is the Hubble parameter. From equations (14) and (15) the following 77 relation is obtained:
Note that considering a self interacting potential of the form V ψ , ψ = V ψ Γψ turn null the 79 right side of equation (16); in fact, with this assumption equation (16) can be immediately inte-
where S =ψψ has been defined. 
Cosmological Field Equations
83
We will consider two cases, a minimal coupling ξ = 0 (α = 1) and a non-minimal coupling 84 ξ 0. known that the Einstein field equations (5) fulfill
known as the acceleration (18) and Friedman's equations (19). On the other hand, the scalar field 89 equation (6) can be written
allowing the following identifications
From (21 -24) regarding the fact thatV = −3HS dV dS it is straightforward to obtain
where Q =ψ 
Non-minimal coupling ξ 0 98
In the case of non-minimal coupling, assuming ω ψ = 0, i.e. a dust type solution, equations
99
(5 -8) take the following form
equations (27) and (28) imply a non conservation of the energy momentum tensor T µν , however it 101 will be shown below that there exists a redefined energy-momentum tensorT µν that is conserved.
102
Equation (29) 
where the integration constant c will be shown to be zero.
106
As it can be seen, there exist a singularity point a = a c when 1 − ξφ 2 (a c ) = 0 or equivalently 
110
Symmetry of the last system of equations can be restored by the following procedure. In the 111 non-minimal coupling case, equations (18) and (19) can be generalized to
through the re-definition of the densities (21), (22) and pressures (23), (24) to
Note how the non-minimal parameter ξ is more relevant for the equations related to the 114 bosonic field (33) and (35). Note also that we recover the minimal coupling equations (21 -24)
115 when ξ = 0 as it is expected.
116
On the other hand, we have the following equation obtained by adding (33) and (35) and 117 replacing (30)
which will be used in numerical simulation to find the initial conditions for the scalar field φ.
119
The equations of state are
which yields the following redefined conservation laws
∂φ ψφ has been defined. In order to simplify calculations a dust type of equation
122
for the fermionic field will be assumed, i. e. ω ψ = 0 in equation (39).
123
One interesting point to observe is that, through these redefinitions the energy-momentum 
127
We see that positive acceleration imposes
and from this equation we find ω φ < − 
Cosmological Solutions
131
On the premise that minimal coupling can be achieve on non-minimal coupling equations 
6 where λ is a positive parameter, which means dark energy represented by the scalar field is transferring into dark matter fermions, as current observations suggest [1] .
136
Note that a dust type of model i.e. ω ψ = 0 or equivalently p ψ = 0 imposed on the equation
in accordance with equation (17), let us suppose that the self-interaction fermionic potential is 139 of the form V ψ , ψ = V ψ ψ . This symmetry seems to be natural considering the need of 140 the system to interact between matter and anti-matter in a way that is insensitive to a charge 141 conjugation operation. This allows to write equation (43) in the following way
where b is an integration constant.
143
On the other hand by replacing this result in equation (34) and use equations (30) and (44) it
where we can identify b = −m and c = 0. This is justified because the force derived from this 
where we have identified φ 0 = eters ξ, λ is found to be
whereρ c = 3H 2 0 is the actual density critical value at t = t 0 . We note also that in this case the As can be seen, Figure 1a shows the redefined densitiesρ φ (dashed line) andρ ψ (solid line)
162
behave in a way that in the distant future only dark energy survives, i. e. scalar field. Figure 2 Under the conditions of the simulation, in Figure 2b a quintessence type of solution is ob-167 tained for ω > −1 which is according to experimental facts. However, using ω 0 < −1 a phantom 168 type of behavior is obtained which has no physical foundation. Figure 3a shows a decreasing r, 169 which is expected for a compete dark energy dominance in the future. 
Case II:Q = 3λHρ φ 177
In this case the solutions will be obtained numerically due to the nonlinearity of the system of 178 differential equations. Similarly as for the Case I from (37) the initial condition for φ is obtained. Case II presents two branches for possible initial conditions for φ 0
The first branch has a very similar behavior to Case I and is a quintessence universe. The 181 second alternative is more keen to study due to the fact that it has a phantom type of behavior 182 and for parameters of the model allows the crossing to quintessence.
183
In Figure 5a the redefined densitiesρ φ andρ ψ show a good behavior up to the neighborhood 184 of the critical point a c where both solutions diverge. The overall tendency is that dark energy 185 density is always bigger than the matter density. Recall that both solutions are valid only in the 186 range of the second branch. In Figure 5b it is clearly seen that there is a divergence due to the 187 factor α −1 in the solutions.
188 Figure 6a shows that this solution in the remote past the universe was decelerated and then
189
at a ≈ 0.7 begins to accelerate with a great increase of its growing rate in the neighborhood of of φ c and has a tendency to remain constant before the singularity. Having said that, in Case II, the ξ parameter does not take such a prominent effect on the 215 energy density solutions. These behavior is shown in Figure 9 , where the dependence of the 216 redefined densities to the cosmological parameter a and the model parameter ξ are plotted. This 217 ξ parameter insensibility can be take under account to find an almost-analytical solution in the 218 case of cosmological constant universe. In the appendix is shown how to find a Green function 219 that leads to the following almost-analytical solution for the scalar field
The importance of this solution is that being valid in the barrier ω φ = −1 permits the com-
222
parison of solutions on either side of the barrier, this let us propose the following remark. belongs to a phantom type of universe, whereas a scalar field solution fulfilling
belongs to a quintessence type of universe
227
To complete the view, an almost-analytical solution is obtained for the Hubble parameter in 228 terms of the scalar function
see appendix for details. 
where the operator L H = 
where the kernel G : R R → R fulfills L H G (t, s) = δ (t − s) and L H = 
by performing a Fourier Transform equation (58) can be written
The equation (59) is the Bernoulli's differential equation, which has a known solution
by using the Hubble's parameter and an inverse Fourier Transform it follows
then the kernel is finally found to be
By replacing (62) on (57)
note that the expression in brackets only depends on the parameter ξ which allows to write 247 φ ξ (t) = θ ξ 2πξ
